Abstract. Let H 2 F denote the two dimensional hyperbolic space over F, where F denote either of C or the quaternions H. It is of potential interest to have an algebraic characterization of the dynamical types of the isometries. For F = C, such a characterization is known due to the work of Giraud-Goldman. In this paper, we offer an algebraic characterization of the isometries of H 2 H . Our result also restricts to the case F = C and provides another characterization of the isometries which is different from the one due to Giraud-Goldman.
Introduction
Let F denote one of the real numbers R, complex numbers C or the quaternions H. Let H n F denote the hyperbolic n-space over F. The underlying linear group which acts as the isometries is denoted by U (1, n; F). It is conventional that U (1, n; F) is denoted by P O(n, 1), resp. U (n, 1), resp. Sp(n, 1) for F = R, resp. C, resp. H. When F = R, the group of consideration is the group of all orientation-preserving isometries of H n R , we denote it by P O o (n, 1). The actual group of the isometries is the quotient of the respective group by its center, cf. Chen-Greenberg [4] . For a group G, let P G denote the quotient by its center, i.e. P G = G/Z(G).
It is well known that the rank-one symmetric spaces of non-compact type are the real, complex and quaternionic hyperbolic spaces and the Cayley hyperbolic planes. Real hyperbolic geometry is very familiar, complex hyperbolic geometry less so, but still enjoys to be a central subject of research cf. Goldman [8] , Parker-Platis [18] . The quaternionic hyperbolic space is relatively less studied. This is, perhaps, for the noncommutative multiplication of the quaternions. Recently an attempt has been made by to understand the quaternionic hyperbolic geometry.
The algebraic characterization of the isometries of H 2 R and H 3 R are foundational in the real hyperbolic geometry. To obtain this, one indentifies the isometries with the invertible 2 × 2 matrices over the reals and the complex numbers respectively. Then the dynamics of the isometries are classified in terms of the function [10, . Algebraic characterization of the isometries of the real hyperbolic 4-space can be obtained from the work of Cao-Parker-Wang [3] or Foreman [6] . An alternative characterization of the isometries of H 4 R may also be obtained by restricting the work of Ahlfors [1] and Waterman [21] to the quaternions.
There are two remarkable Lie theoretic isomorphisms which identify P U (1, 1) and P Sp(1, 1) with the isometries of H 2 R and H 4 R , respectively. As a consequence of these isomorphisms, the algebraic characterization of the isometries of H R , can as well be asked for the isometries of H 2 C and H 2 H . Many of the analogous questions involving isometries of the two dimensional complex hyperbolic space have been answered by several authors cf. Goldman [8] , Parker-Platis [18] , Schwartz [19] . In particular, a counterpart of the above results is available for SU (2, 1). An algebraic characterization of the isometries of H 2 C was first obtained by Giraud [7] . Significant improvement of Giraud's result was obtained by Goldman [8, Theorem 6.2.4] .
In this paper we offer an algebraic characterization of the isometries of H 2 H . This gives an effective algorithm to detect the dynamical types of the isometries, and may be considered as a counterpart of Goldman's theorem in the quaternionic hyperbolic setting. In order to state our main result, we recall a refined classification of isometries in H 2 C and H 2 H at first.
The Main Theorem. Assume F to be either of C and H. When F = H, the underlying Hermitian space H 2,1 is always assumed to be a right vector space over H. Accordingly, the eigenvalues of g in U (1, 2; H) are assumed to be the right eigenvalues. Let g be an isometry of H 2 F . This lifts to a unitary transformationg in U (1, 2; F) and in the projective model, the fixed points of g on H 2 F corresponds to (right) eigenvectors ofg. In the following, we shall forget the 'tilde' from the lift of an isometry, and shall use the same symbol for both. When F = H, note that g has similarity classes of eigenvalues. In this context, an eigenvalue of g is to be understood as a similarity class of eigenvalues. We say two eigenvalues of g are different if the similarity classes of the eigenvalues are disjoint. If two eigenvalues have the same similarity class, then they are equal. Further note that each similarity class of eigenvalues contains a unique pair of complex conjugate numbers. We further adopt the convention of choosing the eigenvalue re iθ , 0 ≤ θ ≤ π from the similarity class, and we identify the similarity class with this complex eigenvalue. By the Brouwer fixed-point theorem, every isometry of
F . An isometry g is elliptic if it has a fixed point in H 2 F , parabolic if it has a unique fixed point on ∂H 2 F , hyperbolic if it is non-elliptic and has exactly two fixed points on the ∂H 2 F . An elliptic element g is regular elliptic if all its eigenvalues are distinct, it is a complex elliptic, (or a complex reflection) if it has two distinct eigenvalues. If all the eigenvalues of g are equal then we call it a simple elliptic. Note that simple elliptics occur only if F = H. In the complex case, they belong to the center of the group and hence act as the identity.
Suppose g is hyperbolic. It follows from the conjugacy classification that it has a complex eigenvalue outside the unit circle, and one eigenvalue inside the unit circle. The other eigenvalue lies on the unit circle. An hyperbolic isometry g is called regular hyperbolic if it has a non-real eigenvalue whose norm is different from 1. We call g strictly hyperbolic if all its eigenvalues are real. We call g a screw hyperbolic if it has two real eigenvalues and its non-real eigenvalue lies on the unit circle. Note that screw hyperbolics occur only if F = H. When F = C, the action of the regular hyperbolics and the screw hyperbolics on H 2 C are dynamically indifferent, and following Goldman, we call them loxodromic.
Suppose g is parabolic. If g is unipotent, i.e. all its eigenvalues are 1, then it is called a vertical Heisenberg translation or non-vertical Heisenberg translation according as the minimal polynomial of g has degree 2 or 3. If g has a non-real eigenvalue of multiplicity three, then it is called an ellipto-translation, resp. ellipto-parabolic if the minimal polynomial has degree 2, resp. 3. When F = C, these classes do not occur, as their action on H 2 C will be the same as the vertical or non-vertical Heisenberg translation. When g has two different eigenvalues, then it is called a screw parabolic.
We use of the embedding of H into 2 × 2 complex matrices M 2 (C). This gives an embedding A → A C of Sp(2, 1) into GL(6, C). Using this embedding we obtain the following characterization of the isometries. Theorem 1.1. Let A be an element in Sp(2, 1). Let A C be the corresponding element in GL(6, C). The characteristic polynomials of A C is of the form
where a, b, c are real numbers. Define
Then we have the following. Further, A acts as a simple elliptic, resp. ellipto-translation, resp. ellipto-parabolic if and only if the degree of the minimal polynomial of A, or A C , is 1, resp. 2, resp. 3. Further A is a vertical, resp. a non-vertical Heisenberg translation if and only if the degree of the minimal polynomial is 2, resp. 3.
One advantage of our method is that it applies also to SU (2, 1). In this case the above embedding restricts to the embeding A → A R of SU (2, 1) into GL(6, R). This provides another algebraic characterization of the isometries of H 
Then we have the following. (v) A is a unipotent if and only if ∆ = 0, G = 0, |a| < 6, |b| < 15, |c| < 20. It is a vertical, or a non-vertical Heisenberg translation according as the degree of the minimal polynomial is 2 or 3.
The z-Classes. Two elements x, y in a group G are said to be in the same z-class if their centralizers are conjugate in G. This notion, and terminology, are due to Kulkarni [13] . The z-classes in a group give a partition of G, and they refine the partition of G into conjugacy classes. In the case of compact Lie groups, and many other cases, there are only finitely many z-classes. The notion is defined in terms of the group-structure alone. But Kulkarni has proposed in [13] that this notion may be used to make precise the intuitive idea of "dynamical types" in any "geometry", whose automorphism group contains a copy of G. If the z-classes are finitely many in number, then they provide a finite classification of the group of transformations. Thus the partition of the group into its z-classes provide another algebraic characterization of the isometries, and this is based on the internal structure of the isometry group alone.
Using the linear model of the hyperbolic space, the z-classes in P O(n, 1) have been classified by GongopadhyayKulkarni [10] . In particular this gives a classification of the z-classes of the isometries of H 2 R . In this paper, we classify the centralizers, and the z-classes in U (2, 1) and Sp(2, 1). In fact, we compute their number.
In the group Sp(2, 1), there are eleven z-classes of elliptic elements, six z-classes of hyperbolic elements, two z-classes of unipotent elements and eight z-classes of parabolic non-unipotent elements. In this count we consider the identity map as an elliptic element.
(2) In the group U (2, 1), there are four z-classes of elliptic elements, a unique z-class of hyperbolic elements, two z-classes of unipotent elements and four z-classes of parabolic non-unipotent elements. In this count we consider the identity map as an elliptic element.
The structure of the remainder of this paper is as follows. In section 2, we note some preliminary results. The conjugacy classes are crucial in the proof of the above theorems, and they are classified in section 3. We prove our main theorem, viz. Theorem 1.1, in section 4. We classify the centralizers and prove Theorem 1.3 in section 5.
Preliminaries
2.1. The Hyperbolic Space. Assume F to be either of C and H. Let V = V n,1 be a right vector space of dimension n + 1 over F. The subspaces of V are always assumed to be right subspaces unless stated otherwise. Let z denote the column vector in V with entries z 0 , z 1 , z 2 , ....., z n . Let V be equipped with the Hermitian form
where · * denotes the Hermitian transpose and J 1 = diag(−1, 1, 1, ..., 1). An isometry g is an automorphism of V, that is, a (right) linear bijection such that for all z and w in V, g(z), g(w) = z, w . The group of all isometries is denoted by U (n, 1; F). The group of isometries of the Hermitian form
is denoted by U (n; F). Abbreviating the symbols, we denote U (n, C) = U (n), U (n, H) = Sp(n), U (n, 1; C) = U (n, 1) and U (n, 1; H) = Sp(n, 1). Our interest in this paper is the case when n = 2. Following Section 2 of Chen-Greenberg [4] , let
It is obvious that V 0 and V − are invariant under U (2, 1;
the right projection map defined by
where · t denotes the transpose. We define H 2 F = P(V − ). The boundary of the hyperbolic space is ∂H
It is convenient to introduce the Cayley transform
The Cayley transformation C maps H 
The isometry group of the above form isÛ (2, 1; F) = CU (2, 1;
Then we have the following three propositions, cf. Chen-Greenberg [4, Lemma 3. Thus g has a fixed point η = (η 1 , η 2 ) t if and only if the following set of equations has a solution.
It follows from basic linear algebra that (2.4) has a solution if and only if the condition in (i) holds. Clearly g is elliptic if and only if (2.4) has a solution. Otherwise, it is parabolic. The proof is now complete.
Lemma 2.6. The group Sp(2, 1) can be embedded in the group GL(6, C).
The proof is similar to that of Proposition-2.4 in Gongopadhyay [9, p-160] , also see Lee [14, section-2] or Zhang [22, section-2] . We sketch the proof here.
Similarly, for A ∈ SU (2, 1), one can express A = A 1 + A 2 i, where A 1 , A 2 ∈ M 3 (R) and we have (2.6)
Preliminaries on roots of polynomials.
Here we note down a few facts about the nature of solutions of real cubic equations. These results are used in the derivation of our main theorem. For more details on this section cf. Nickalls et. al. [16, 17] . 
(ii) Suppose A ∈ U (2, 1; F) acts as an elliptic element. Then A is conjugate to an isometry of the form
when F = H, 0 ≤ θ, φ, ψ ≤ π, and when F = C, −π ≤ θ, φ, ψ ≤ π.
(iii) Suppose A ∈Û (2, 1; F) acts as a parabolic element. Then A is conjugate to an isometry of the form
(resp. C), and
We shall prove the theorem over H. The proof over C is completely analogous. We follow Chen-Greenberg [4, section-3] while deriving the conjugacy classes.
Proof. If A ∈Û (2, 1; H) is loxodromic, then A has two fixed points on ∂Σ 2 H . By conjugation, if necessary, we may assume that A is of the form (2.3). Let u, v be quaternions of unit modulus such that l = ve iθ v −1 and
This completes the proof of (i 
This completes the proof of (ii).
For the parabolic isometries, we have the following cases. where
If A is parabolic with real right eigenvalues then it is conjugate to
Let u ∈ H be such that |u| = 1 and udu
where B = diag(u, u, v) ∈Û (2, 1; H). Case 2: The right eigenvalues of A fall into two similarity classes. Then A is conjugate to
where
Let f = f 1 + f 2 j, where f 1 , f 2 ∈ C and c = 
Proof of Theorem 1.1
The following proposition follows from the conjugacy classification.
Proposition 4.1. Let A ∈ Sp(2, 1), resp. SU (2, 1). The characteristic polynomial of A C , resp. A R , is of the form
where a i ∈ R and a 1 = a 5 , a 2 = a 4 , a 0 = 1.
Proof. Note that the characteristic polynomial is invariant under conjugation. Hence it is sufficient to consider A C (resp. A R ) up to conjugacy. From the conjugacy classification, cf. Theorem 3.1, we observe the following.
Hyperbolic isometries. Suppose A is conjugate to a matrix of the form (3.1) and the characteristic polynomial of A C is χ A (x) = (x 2 − 2 cos θ x + 1)(x 2 − 2r cos β x + r 2 )(x 2 − 2 r cos β x + 1 r 2 ). Hence This completes the proof of Proposition 4.1.
The Proof of Theorem 1.1. Observe that
is a self-dual polynomial over C, i.e. if α is a root of χ A (x) then α −1 is also a root. Hence we can write
, where
Further obsrve that χ A (x) is, in fact, a polynomial over the reals. Hence if λ in C is a root of χ A (x), thenλ is also a root. In the expression of g A (x), expanding the terms in brackets, we have
is a cubic polynomial in t, and we denote it by g A (t), i.e.
Since χ A (x) is a conjugacy invariant, so is g A (t). If α is a root of χ A (x), then α + α −1 is a root of g A (t). Note that for µ in C − R, µ + µ −1 is a real number if and only if the norm of µ is 1.
As in section 2.2.2, to detect the root of g A (t), let
Then ∆ is the discriminant of the cubic equation (4.4).
The multiplicity of a root of g A (t) is determined by the resultant R(g, g ′′ ) of g A (t) and its second derivative
Now consider an element A in U (2, 1; F).
Suppose A is a hyperbolic. Then A is conjugate to an element of the form (3.1) and g A (t) has the following roots:
(1) If β = 0, then g A (t) has one real root, and two non-real complex conjugate roots λ + λ −1 andλ +λ −1 . Hence the norm of λ must be different from 1. Thus A must be a regular hyperbolic. It follows from section 2.2.2 that ∆ > 0 and G = 0 in this case. Suppose A is elliptic. Then A is conjugate to an element of the form (3.2) and g A (t) has the following roots: t 1 = 2 cos θ, t 2 = 2 cos φ, t 3 = 2 cos ψ.
(3) If A is regular elliptic, then all the roots of g A (t) are real and distinct from each-other. Hence it follows from section 2.2.2 that ∆ < 0. (4) If A is a complex elliptic or simple elliptic, then g A (t) has at least one repeated root, hence ∆ = 0. Note that A is a simple elliptic if and only if g A (t) has a triple root, i.e. R(g, g ′′ ) = 0. Thus A is a simple elliptic if and only if G = 0. Hence if A is complex elliptic, then G = 0. Observe that in these cases, |a| < 6, |b| < 15, |c| < 20.
Suppose A is parabolic. Then it is conjugate to an element of the form (3.3). Hence all the roots of g A (t) are real. They are given by t 1 = 2 cos θ, t 2 = 2 cos θ, t 3 = 2 cos φ.
Since at least two of the roots are equal, hence ∆ = 0. (5) If A is an ellipto-translation or ellipto-parabolic, then g A (t) has a triple root, hence G = 0. (6) If A is screw parabolic, then g A (t) has a double root which is distinct from the third one, hence G = 0.
If A is unipotent then θ = 0 = φ. Hence a = 6, b = 15, c = 20. Otherwise we have |a| < 6, |b| < 15, |c| < 20. From the representative of the conjugacy class of A it is clear that the elliptic and hyperbolic elements are semisimple. If A is simple elliptic, then the minimal polynomial of A is linear. If A is complex elliptic, then its minimal polynomial is of the form (x − λ)(x − µ), λ, µ ∈ S 1 . Hence the degree of the minimal polynomial is 2.
Parabolic isometries are not semisimple. We see that A is an ellipto-translation or ellipto-parabolic according to its minimal polynomial is of the form (x − λ) 2 or (x − λ) 3 for λ ∈ S 1 . In particular, A is a vertical or non-vertical Heisenberg translation according to its minimal polynomial is (x − 1)
This completes the proof of Theorem 1.1.
5.
The Centralizers and the z-classes: proof of Theorem 1.3
Let Z(x) denote the centralizer of x in U (2, 1; F), and Z G (x) denote the centralizer of x in the subgroup G of U (2, 1; F). Let T be an isometry of
can not be expressed as a direct sum of two proper T -invariant (right) subspaces. Let ⊕ denote the orthogonal sum.
Elliptic isometries.
(1) Consider E = E(θ, φ, ψ) with θ = φ = ψ. In this case V 2,1 has a decomposition into one dimensional E-invariant subspaces:
This implies,
. When θ = 0, the centralizer of e iθ in U (1; F) is the group S 1 of all complex numbers of unit modulus. Hence
where F 1 is the multiplicative group consisting of elements of F of unit modulus. When F = C, F 1 = S 1 , when
(2) Let θ = φ = ψ. When F = C, E = e iθ I is an element in the center of U (2, 1), hence Z(E) = U (2, 1). When
(3) Suppose φ = ψ = θ. In this case, 1) .
Given any elliptic element T , up to conjugacy, there are the above choices for Z(T ). Hence there are four z-classes of elliptic elements in U (2, 1), and eleven z-classes of elliptic elements in Sp(2, 1). In this count we have taken the identity map as an elliptic element.
according to θ = 0, or θ = 0. For F = C, Z U(1) (L| V1 ) = S 1 . Now, the group U (1, 1; F) is locally isomorphic to
. C, and L acts as a hyperbolic element. Thus the centralizers of L| V2 is obtained from [10] . Hence, given any hyperbolic element T , there is an associated orthogonal decomposition V 2,1 = W 2 ⊕ W 1 into T -invariant subspaces as above, and we have
When F = C, up to conjugacy, there is a unique choice for Z U(1,1) (T | W2 ), and Z U(1) (T | W1 ). Hence there is a unique z-class of hyperbolic isometries of H 
2 and a 6 = a 5ā7 a 9 . By AP = P A, we get the following identities:
a 1 e iθ = e iθ a 1 , a 9 e iφ = e iφ a 9 , (5.1) a 5 f + a 6 e iφ = e iθ a 6 + f a 9 , a 7 e iθ + a 9 g = ga 1 + e iφ a 7 , (5.2) (1) a = 0, i.e. U is a translation. Then Z(U ) is given by
Hence there is a unique z-class of translations in Sp(2, 1), resp. U (2, 1).
(2) a = 0, i.e. U is a strictly parabolic. In this case V 2,1 is U -indecomposable. Let S = U − I, where I is the identity map. Let V U = (U − I)(V 2,1 ). Following Wall [20] , we call it the space of U . Since U is strictly parabolic, kernel of (U − I) is non-empty and is generated by a vector of norm zero. Hence V U is of dimension 2 over H. The space V U can be equipped with a non-degenerate Hermitian form F U , cf. Wall [20, p-6] , given by
We call it the form of U . The element U is uniquely determined by V U and F U . The center Z(U ) is the isometry group of (V U , F U ). Two strictly parabolic elements are in the same z-class if and only if their forms are equivalent. Now the nondegenerate Hermitian forms over H are determined up to equivalence by their rank and signature cf. Lewis [15, p-264] . Since , has nonzero signature, hence the form of an isometry of H 2,1 has nonzero signature. Now, there is a unique nondegenerate Hermitian form of nonzero signature on a two dimensional vector space over H, viz. of type (1, 1) . Hence, there is a unique z-class of strictly parabolic elements in Sp(2, 1). Alternatively, we see that for any U as above, up to conjugacy, Z(U ) is given by
Hence it follows that there is a unique z-class of strictly parabolic elements. Similarly, there is a unique z-class of strictly parabolic elements in U (2, 1).
To determine the z-classes of ellipto-translations, ellipto-parabolics and screw-parabolics, we explicitly compute their centralizers in the following.
5.3.2.
The ellipto-translations. Let P be an ellipto-translation. Without loss of generality assume
e. e iθ = −1. We denote P by T in this case. Then Z(T ) is given by
(4) Let θ = π, i.e. e iθ / ∈ R. We denote P by T c in this case. Using the property zj = jz for z ∈ C, and the equalities (5. For F = C, −π < θ ≤ π. (6) Let e iθ / ∈ R. We denote P by T θ in this case. As in the ellipto-translation case, we know that Z(T θ ) ⊂ U (2, 1; C). By (5.1)-(5.3), we obtain a 9 = ga 1 g −1 and a 6 g = f a 7 . If a 6 = 0, we have a 6 = a 1ā7 a 9 = a 1ā7 ga 1 g −1 = f a 7 g −1 ,
which implies a 1 = ± (9) Let e iθ / ∈ R, e iφ ∈ R. Denote P by P θ,o in this case. Obviously, a 1 , a 5 ∈ C. By a 4 e iθ + a 5 d = da 1 + e iθ a 4 , we get a 4 ∈ C, which in turn gives a 1 = a 5 . Therefore, (10) Let e iθ , e iφ / ∈ R. Denote P by P θ,φ in this case. We see that Let F = H. From the description of the centralizers we see that there are exactly two choices for the centralizers of ellipto-translations, as well as for the ellipto-parabolics, and there are four choices for the centralizer of a screw-parabolic. Hence there are two z-classes of ellipto-translations, two z-classes of the ellipto-parabolics, and four z-classes of the screw-parabolic elements.
Similarly, When F = C, there is a unique z-class of ellipto-translations, two z-classes of ellipto-parabolics and a unique z-class of screw-parabolic elements.
This completes the proof of Theorem 1.3.
